Abstract. We show that for any n-ary group (G, f ), the group Aut(G, f ) can be embedded in Aut(Zn−1 ⋉ G) and so we can obtain a class of interesting automorphisms of cyclic extensions.
Introduction
In this article, we show that the automorphism group of any poyadic group can be embedded in the group of automorphisms of its Post cover and then we apply this embedding to obtain some interesting automorphisms of cyclic extensions. Our notations in this article are standard and can be find in [1] , for example.
Let (G, f ) be an n-ary group. We know that, there is a binary operation (dot: ·) on G, such that (G, ·) is an ordinary group, and further, there is a θ ∈ Aut(G, ·) with an element b ∈ G, such that i-θ(b) = b, and θ n−1 (x) = bxb −1 , for all x ∈ G. ii-f (x n 1 ) = x 1 θ(x 2 ) · · · θ n−1 (x n )b. So, some times, we denote (G, f ) by the notation der θ,b (G, ·). If b = e, the identity element of (G, ·), then we use the notation der θ (G, ·).
We associate another binary group to (G, f ) which is called the universal covering group or Post's cover of (G, f ). Let a be an arbitrary element of G and suppose G * a = Z n−1 × G. Define a binary operation on this set by
a , a,
Here of course, i + j + 1 is computed modulo n − 1, and (i, j) = n − i − j − 3, (mod n − 1). The symbol f * indicates that f applies one or two times depending on the values of i and j and a denotes the skew element of a. It is proved that (see [3] ), G * a is binary group and the subset is a normal subgroup such that G * a /R ∼ = Z n−1 . Further, if we identify G by the subset
then G is a coset of R and it generates G * a . We also have f (x n 1 ) = x 1 * x 2 * · · · * x n . It is not hard to see that for all a, b ∈ G, we have G * a ∼ = G * b , so for simplicity, we always, assume that a = e, the identity element of (G, ·).
Through this article, we assume that (G, f ) = der θ (G, ·). So, we have
We also assume that e is the identity element of (G, ·). We will prove first the following theorem on the structure of the Post's cover.
Note that, we used a special case of this theorem in [5] , to investigate representations of polyadic groups. The main idea of this article is almost the same as in [5] . Our second goal is to obtain an embedding from Aut(G, f ) to Aut(G * e ). The method we employ is the same as in [5] . For any i ∈ Z n−1 and u ∈ G, suppose δ(i, u) = θ(u)θ 2 (u) . . . θ i (u). We prove
where u = Λ(e). Then the map Λ → Λ * is an embedding.
In [2] , the structure of automorphisms of (G, f ) is determined. If Λ ∈ Aut(G, f ), then we have Λ = R u φ, where u is an idempotent element, i.e. f ( (n) u ) = u, R u is the right translation by u and φ is an ordinary automorphism of (G, ·) with the property [φ, θ] = I u , (the bracket denotes the commutator φθφ −1 θ −1 and I u is the inner automorphism corresponding to u). The converse is also true; if u and φ satisfy above conditions, the Λ = R u φ is an automorphism of the polyadic group (G, f ). We will use this fact frequently through this article. The interested reader should see [2] for a full description of homomorphisms between polyadic groups.
Combining Theorems 1.1 and 1.2, we obtain an embedding of Aut(G, f ) into Aut(Z n−1 ⋉ G). More precisely, we prove the following. Theorem 1.3. LetĜ = A ⋉ G, with A = a cyclic of order n − 1 and let θ(x) = axa −1 . Then for any φ ∈ Aut(G) and u ∈ G, the hypotheses [φ, θ] = I u and (au) n−1 = 1 imply that the map
is an automorphism ofĜ and these automorphisms are mutually distinct.
Proofs
To prove 1.1, note that in G * e , we have
e , y,
e , e,
but, since e = e, so
where the right hand side product is done in Z n−1 ⋉ G. Note that in general, if (A, ·) is a group and a ∈ A, then we can define a new binary operation on A by x • y = xay and together with this new operation, A is a group too, and so we denote it by A a = (A, •). We have A ∼ = A a and the isomorphism is given by ϕ(x) = a −1 x. Now, by this notation, we have
This completes the proof of 1.1. Now, let Λ ∈ Aut(G, f ) and u = Λ(e). Define Λ * e : G * e → G * u by Λ * e (i, x) = (i, Λ(x)). Lemma 2.1. Λ * e is an isomorphism. To prove this lemma, note that
On the other hand,
u , u,
But f (u,
e )) = Λ(e), where Λ(v) = u. Therefore
e ) = e and so v = e and hence u = Λ(e) = u. Now, we have
e )))
This shows that Λ * e is an isomorphism.
An element u ∈ G is said to be idempotent if f (
u ) = u. For an arbitrary element u ∈ G, we remember that the right translation map R u is defined by R u (x) = xu. In [2] , it is proved that every element of Aut(G, f ) can be uniquely represented as R u φ with u an idempotent and φ ∈ Aut(G, ·) satisfies [φ, θ] = I u , where I u is the inner automorphism of G, corresponding to u. The converse is also true and so we have a complete description of automorphisms of Aut(G, f ) in terms of automorphisms of (G, ·) and idempotents. Now, for any idempotent u and i ∈ Z n−1 , define
Note that for the case i = 0, we have δ(0, u) = δ(n − 1, u) = e. If Λ ∈ Aut(G, f ) and u = Λ(e), then we define a map q u : G * u → G * e by q u (i, x) = (i, xδ(i, u)).
Lemma 2.2. The map q u is an isomorphism.
To prove the lemma, we first assume that i, j = 0. Note that in G * u , we have
e , e, (i,j) e )))
Now, as we said before, Λ = R u φ such that φ ∈ Aut(G) and [φ, θ] = I u . Therefore
Hence, we have
Now, we are ready to show that q u is a homomorphism. First, note that
On the other hand
Hence, q u is a homomorphism, if and only if we have
But, we have,
The case i = 0 can be verified similarly, so q u is a homomorphism. It is easy to see that also q u is a bijection and so we proved the lemma.
Combining two isomorphisms q u and Λ * e , we obtain an automorphism Λ * = q u • Λ * e ∈ Aut(G * e ). Note that, we have
To verify this lemma, let Λ 1 , Λ 2 ∈ Aut(G, f ) and u = Λ 1 (e) and v = Λ 2 (e). Suppose also w = Λ 1 (v) = (Λ 1 • Λ 2 )(e). We have
But we have
e , e))
Note that we have
Therefore we obtain w) ), and this shows that the map Λ → Λ * is a homomorphism. Now suppose Λ * = id. Then Λ(x)δ(i, u) = x for all x and i, so if we put x = e, then δ(i, u) = u −1 for all i. Assuming i = 1, we get θ(u) = u −1 and so assuming i = 2, we obtain u −1 u = u −1 , hence u = e and consequently Λ = id. This completes the proof of the lemma.
Remember that we proved
and this isomorphism is given by ϕ(i, x) = (1, e) −1 (i, x). So,
Now, for any Λ ∈ Aut(G, f ), define
Therefore α(Λ) is an automorphism of Z n−1 ⋉ G and the map Λ → α(Λ) is an embedding. We have
On the other hand θφθ −1 = I −1 u φ and hence α(Λ)(i, x) = (i, u −1 φ(x)uδ(i, u)).
Summarizing, we obtain the following corollary;
Corollary 2.4. There is an embedding α : Aut(G, f ) → Aut(Z n−1 ⋉ G), such that α(Λ)(i, x) = (i, u −1 φ(x)uδ(i, u)). Now, we are ready to prove Theorem 1.3. SupposeĜ = A ⋉ G where A = a is a cyclic of order n − 1. Define an automorphism of G by θ(x) = axa −1 , so θ n−1 = id. Let (G, f ) = der θ (G, ·).
So, there is an embedding α : Aut(G, f ) → Aut(Ĝ) such that α(Λ)(a i , x) = (a i , u −1 φ(x)uδ(i, u)).
Since u is an idempotent, so f (
u ) = u, and therefore uθ(u) · · · θ n−1 (u) = u, which implies that aua −1 a 2 ua −2 · · · a n−2 ua −(n−2) u = e.
Hence (au) n−1 = 1. Similarly, δ(i, u) = (au) i a −i , so for any φ ∈ Aut(G) and for any u ∈ G, the hypotheses (au) n−1 = 1, [φ, θ] = I u imply that the map
is an automorphism ofĜ. Clearly this is an embedding and hence the theorem is proved.
